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Electrons and cavitation in liquid helium

J. Classen,* C.-K. Su, M. Mohazzab,† and H. J. Maris
Department of Physics, Brown University, Providence, Rhode Island 02912

~Received 17 April 1997!

We describe a number of experiments in which the effect of electrons on cavitation is studied. Electrons in
liquid helium become trapped in a bubble from which the liquid is almost completely excluded. By applying
a negative pressure to the helium, we are able to make these bubbles explode. We have measured the variation
of this pressure with temperature and the results are in very good agreement with theoretical expectations. At
low temperatures the electron bubbles become attached to vortices. The circulation of the liquid around the
electron bubble leads to a reduction in the magnitude of the negative pressure required to explode the bubble,
and we have been able to measure this reduction.@S0163-1829~98!05806-8#
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I. INTRODUCTION

A number of recent experiments have studied the nu
ation of bubbles in liquid helium, both in the normal and t
superfluid phases.1–3 Liquid helium is an attractive materia
in which to perform nucleation studies. The liquid can
prepared in a state of unusually high purity. Because hel
does not freeze even at absolute zero, quantum nuclea
processes can also be investigated.4–6 Most of the experi-
ments that have been performed use a focused sound wa
produce an oscillating pressure within a small volume
liquid. Light-scattering techniques are then used to detect
nucleation of bubbles in the vicinity of the acoustic focus

It is believed that in these experiments one is study
homogeneous nucleation, i.e., nucleation unaffected by
influence of any impurities in the liquid. However, one c
also consider the introduction into the liquid of various im
purities which might affect the nucleation process. The lis
impurities includes electrons, positive helium ions, heliu
molecules in an excited state, and ions and neutral atom
other elements. In addition, in the superfluid state it is p
sible that the nucleation is influenced by the presence
quantized vortices.7

In this paper we report on a series of experiments we h
performed to study the effect of electrons on cavitation
liquid helium. It is well known that when an electron ente
liquid helium it forms a spherical cavity in the liquid from
which the helium atoms are almost completely excluded. T
size of this cavity is determined by a balance between
quantum-mechanical zero-point energy of the electron,
surface energy of the cavity wall, and the effects of the
plied pressure. When a negative pressure is applied to
liquid the existence of these ‘‘electron bubbles’’ can grea
increase the probability that cavitation will occur. Prelim
nary reports of measurements of electron-induced cavita
have been made in Refs. 8 and 9. In Sec. II we work
the theory of this process, and the experiments and res
are described in Secs. III and IV.

II. THEORY

A. Simple theory of the barrier

An electron entering helium experiences a repulsive
tential V0 . Experiments indicate that this potential is a
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proximately 1.0 eV.10 Once the electron is inside the liquid
is energetically favorable for it to become localized within
spherical volume from which the helium is almost com
pletely excluded. As a first approximation one can consi
that the energyE of the electron bubble is the sum of th
zero-point energy of the electron, the surface energy of
bubble, and a volume energy proportional to the appl
pressureP, i.e.,

E5
h2

8mR2 14pR2a1
4

3
pR3P, ~1!

whereR is the bubble radius,m is the electron mass, anda
is the surface energy per unit area.11 At zero pressure the
radius at which the energy is a minimum is

Rmin5S h2

32pma D 1/4

. ~2!

This radius is 19 Å atT50 and increases slightly as th
temperature goes up because of the decrease in the su
tension. In writing down Eq.~1! it is assumed that the energ
of the electron is much less than the barrier heightV0 , so
that the penetration of the electron into the bubble wall
unimportant. In a more sophisticated theory several ot
effects can be included. The influence of these is discus
below.

The application of a positive pressure makes the equi
rium size of the bubble decrease. When the pressure is n
tive the radiusRmin at which the minimum energy occur
becomes larger. This bubble size no longer corresponds
global minimum of the energy. ForR greater thanRmin the
energy passes through a maximum atRmax and then de-
creases monotonically, eventually becoming negative. If
magnitude of the negative pressure is increased,Rmin and
Rmax approach each other. Finally, for pressures more ne
tive than a critical valuePc there is no longer an energ
minimum and the bubble becomes unstable. This pressu
given by

Pc52
16

5 S 2pm

5h2 D 1/4

a5/4. ~3!
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57 3001ELECTRONS AND CAVITATION IN LIQUID HELIUM
At zero temperature and using the value 0.3544 erg cm22 for
a ~Ref. 12! this gives an instability pressure of21.98 bars.
In the range of pressures beforePc is reached an energ
barrier must be overcome before nucleation can occur.
height of this energy barrier is

DE5E~Rmax!2E~Rmin!. ~4!

One cannot calculate this barrier in closed form for an a
trary pressure. However, one can express the barrier in
form

DE5S h2a

m D 1/2

g~P/Pc!, ~5!

where g is a function that can be determined numerical
The calculated barrier as a function ofP/Pc is shown in Fig.
1.

For P close toPc it is straightforward to show that

Rmin5RcF12S 2~P2Pc!

5uPcu
D 1/2

1••• G , ~6!

Rmax5RcF11S 2~P2Pc!

5uPcu
D 1/2

1••• G . ~7!

In this range of pressures the energy barrier is

DE5
32

15 S ph2a

m D 1/2S P2Pc

uPcu
D 3/2

. ~8!

The probabilityG per unit time that as a result of therm
fluctuations an electron bubble will overcome the ene
barrier and a macroscopic bubble will nucleate is

G5G0 exp~2DE/kBT!, ~9!

whereG0 is the attempt frequency andT is the temperature
If the liquid containsn electrons per unit volume, and
negative pressureP is applied to a volumeVexp for a time
texp, the probability that at least one bubble will nucleate
then

S512exp@2nVexptexpG0 exp~2DE/kBT!#. ~10!

FIG. 1. Plot of the energy barrierDE as a function of the pres
sure divided by the pressurePc at which the electron bubble ex
plodes. The barrier is plotted in units of (h2a/m)1/2 wherea is the
surface tension of the liquid andm is the mass of an electron.
e
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We can expect that the attempt frequency will be of t
order ofkBT/h, i.e., of the order of magnitude of 1011 s21.
In the experiments that we have performed the number d
sity of the electrons is usually less than 106 cm23. If we take
the experimental volume to be (l/2)3 which is ;1025 cm3

for a frequency of 560 kHz and the experimental time to
;1025 s, thennVexptexpG0 is of the order of 107. It follows
that there is an appreciable probability~e.g., S;0.5! of
nucleation only if the energy barrier is sufficiently small th
exp(2DE/kBT).1027, i.e., if DE<16kBT. This, in turn
means that for nucleation to occur the ratio of the pressurP
to the critical pressurePc must be such that the functiong
has a value less than

gc;
16kBT

h S m

a D 1/2

. ~11!

Using the known temperature dependence of the surface
ergy, one obtains values ofgc of 0.02, 0.04, and 0.12 a
temperatures of 1, 2, and 4 K, respectively. From the ca
lated functiong(P/Pc) one can find that nucleation onl
occurs within 2, 3, and 7% ofPc at these three temperature
As a consequence, it is not always necessary to conside
value of the nucleation barrier as a function of pressure,
the quantity of primary interest is simply the value of th
critical pressure.

B. Effect of barrier penetration and polarizability

The simple theory can be corrected to allow for the fin
height of the potential barrier that confines the electr
within the bubble. Penetration of the electron wave funct
into the liquid helium lowers the zero-point energy of th
electron. Consequently, the equilibrium size of the elect
bubble for a given negative pressure will be decreased
the nucleation barrier will increase. To make a rough e
mate of the magnitude of this effect we need a value for
potential energy of interaction between an electron and
uid helium. There are a number of experimental and theo
ical investigations of this quantity.11 For simplicity, we have
assumed that for helium with a density that corresponds
zero temperature and zero pressure (r50.14513 g cm23) the
potential is 1 eV, and that the potential is proportional to t
liquid density. The calculation of the energy barrier f
nucleation is straightforward, and the results for zero te
perature are shown in Fig. 2. Included in this figure are
results from the simple theory with an impenetrable barr
It can be seen that the effect of the penetration of the w
function into the helium gives only a very small correction
the nucleation barrier. The instability pressure is increa
from 21.98 to22.08 bars.

A second correction arises from the polarizability of t
liquid. This gives a contribution to the energy which is11

Epol52
~e21!e2

2eR
, ~12!

where e is the dielectric constant of helium. For liquid a
zero pressure and zero temperaturee51.0573. Inclusion of
the polarization contribution to the energy gives the resu
shown in Fig. 2. The instability pressure is increased
22.19 bars.
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C. Effect of finite wall thickness

The radius of the bubble at the instability pressure is
proximately 29 Å atT50 K. This compares with the width
of the liquid-gas interface which has been measured to b
Å.13 To allow for the finite width of the helium wall we us
a density-functional scheme to describe the helium.7 The free
energy of nonuniform helium is taken to be

E @ f ~r!1lu¹ru2#dV, ~13!

where f (r) is the energy per unit volume of uniform liqui
when the density isr, and the second term is the extra ener
associated with density gradients. In this schemef is deter-
mined by extrapolation of the measured properties of
liquid at positive pressures, and the value of the parametl
is fixed by the requirement that the model gives the corr
value for the surface energy. Note that the pressure of
liquid is related to the density by

P52 f 1r
] f

]r
. ~14!

When Eq.~13! is used for the calculation of the energ
required to form a bubble it is necessary to perform the
tegral over the entire volume of the liquid, not just the regi
containing the bubble. This is because the helium tha
removed from the bubble region has to be redistributed o
the volume of the remaining liquid. The increase in the e
ergy of helium relative to the energy of the same mass
helium but with uniform densityr1 is

Ehel5E @f~r,r1!1lu¹ru2#dV, ~15!

where f(r,r1)[ f (r)2 f (r1)2(r2r1) f 8(r1). This form
has the advantage that the energy of the bubble can be
culated by an integral extending only over the bubble regi

FIG. 2. The nucleation barrier as a function of pressure at z
temperature. The solid line is the result of the simple theory@Eq.
~1!#. The dashed curve shows the effect of the penetration of
electron wave function into the liquid. The dashed-dotted line in
cates the effect of inclusion of the polarizability of the helium a
the penetration of the wave function into the liquid. The dotted l
is the result obtained when a density-functional theory is use
describe the liquid. The density-functional theory does not inclu
the effects of the polarizability of the liquid.
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For the interaction energy between the electron and
liquid helium we use the local interaction

Eint5U0E ucu2rdV. ~16!

The coefficientU0 is chosen so that the energy barrier e
countered by an electron entering helium has the cor
value. This givesU051.1310211 erg g21 cm3.

We are interested in finding the lowest energy state of
electron bubble and also the wave function and density
tribution that corresponds to the critical nucleus. For both
lowest energy and the nucleation state, the total energy m
be stationary with respect to any variation in the electr
wave function and the helium density. It follows thatc(r )
and r(r ) must satisfy the coupled equations~but see com-
ment below!

U0ucu21 f 8~r!2 f 8~r1!22l¹2r50, ~17!

2
\2

2m
¹2c1U0rc5Eelc. ~18!

Eel is the energy eigenvalue for the electron. The bound
conditions on the electron wave function arec850 at the
center of the bubble (r 50) andc50 asr→`. The gradient
of the density must vanish atr 50, and the density must ten
to the bulk valuer1 asr→`. In addition, the solution forc
must be such that the wave function is normalized. Beca
the densityr(r ) can never be negative it follows that Eq
~17! is to be applied only whenr(r ) is nonzero. One can se
this in a formal way by writingr(r )5A(r )2 with A(r ) real
so as to forcer to be non-negative. A variation of the tota
energy with respect to the fieldA(r ) then gives the same
result as in Eq.~17! but multiplied by an extra factor o
A(r )[r(r )1/2. Hence, to have a stationary energy one
quireseither that Eq.~17! hold or that r(r )50.

At first sight it would appear that these equations could
solved by choosing trial values ofc andr at r 50, together
with the electron energyEel , and then adjusting thes
choices so that whenc andr are integrated out to larger the
correct limiting values are obtained. One finds, however, t
this procedure does not work because with the form of d
sity functional that we are using the value ofr at the origin
is exactly zero. The density is zero out to some finite rad
r start, and then varies quadratically with distance forr
slightly greater than this value. The procedure to find
solution is then as follows. As a first step a guess is made
the parametersc(r 50), r start, and Eel . Then the Schro¨-
dinger equation~18! can be solved analytically in the rang
from r 50 to r 5r start. This gives values ofc(r start) and
(]c/]r ) r 5r start

. We then numerically integrate Eqs.~17! and

~18! starting atr 5r start and going to larger values ofr . The
values ofc(r 50), r start, andEel are then adjusted so that a
a large distancec goes to zero,r tends tor1 , and the inte-
gral of ucu2 is unity. Typically we have performed the nu
merical integration with a step size of 0.5 Å and have co
tinued the integration out to a distancer about twice the
radius of the bubble. Thus, an appropriate choice of par
eters isc(r 50), r start, andEel .
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57 3003ELECTRONS AND CAVITATION IN LIQUID HELIUM
When this procedure is carried out, one finds a numbe
different types of solutions. One family of solutions corr
sponds physically to the electron being in one of the
quence of states with different radial quantum numbersn and
S symmetry, with the size of the bubble and the profile of t
helium density in the wall arranged to minimize the ener
A second family are ‘‘nucleation solutions’’ and correspo
to the configuration of the electron and the liquid at the hig
est point on the energy barrier. These nucleation soluti
also haveS symmetry. Let us denote the energies of t
lowest energy (n51) solutions of these two types byEg and
En , respectively. Then the energy barrier is

DE5Eg2En . ~19!

The results of a calculation of the energy barrier at z
temperature made by this method are shown in Fig. 2. T
calculation ignores the contribution to the energy aris
from the polarizability of the helium. It can be seen that t
effect of the finite wall thickness is to lower the energy b
rier. The pressure at which the bubble becomes unstab
reduced from22.08 bars, the result for a sharp liquid inte
face and allowing for electron penetration, to21.92 bars.
The form of the electron wave function and the helium w
profile are shown in Fig. 3 forP521.002 bars and forP
521.867 bars.

FIG. 3. The electron wave functionc and the helium densityr
as a function of the distance from the center of the bubble for
ground and nucleation states atP521.002 andP521.867 bars.
The temperature is zero.
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D. Effect of finite temperature

For finite temperatures a number of new physical effe
enter. These include the temperature dependence of the
face energy and of the density of the liquid, and the poss
presence of some helium vapor inside the bubble. In p
ciple, the influence of these effects on the energy barrier
be calculated through the use of Eqs.~17! and ~18!. An es-
timate of the free energy, the density-functional parametel,
and other thermodynamic properties of liquid helium
negative pressures has recently been made.14 The estimates
were made for a series of temperatures in the range 2.
4.21 K. We have attempted to use these estimates in
~17! and~18! to obtain the energy barrier. However, we h
great difficulty in obtaining satisfactory solutions of th
coupled differential equations, as a result of the number
numerical instabilities that occur.

As a consequence, we have looked for a simpler meth
We first note that the results of the zero-temperature dens
functional calculation do not differ greatly from a simple
theory in which the liquid is taken to have an abrupt inte
face. In addition, the effect of the penetration of the elect
wave function into the liquid is small. Accordingly, we hav
calculated the barrier in terms of a simplified model in whi
it is assumed that outside a radiusr 1 the density of the he-
lium equals the density of bulk liquid. The region inside t
radius r 1 contains the electron and helium gas. The to
energy is taken to be

E52E
0

r 1 \2

2m
c¹2c4pr 2dr1E

0

r 1
fg~r !4pr 2dr

1E
0

r 1
U0ucu2rg~r !pr 2dr14pr 1

2a, ~20!

where rg(r ) is the density of gas at distancer from the
center, andfg(r ) is the corresponding value off. The wave
function of the electron is required to go to zero atr 5r 1 ,
and the surface energy of the liquid per unit area is assu
to bea, regardless of the value of the gas density atr 5r 1 .
Let us suppose that a value forr 1 has been chosen. Minimi
zation ofE with respect to variation ofc(r ) then yields the
Schrödinger equation Eq.~18!. Minimization with respect to
variations in the density of the gas gives the condition

U0c21 f 8~rg!2 f 8~r1!50. ~21!

This is identical to Eq.~17! except for the absence of th
term in ¹2r. We come back to this point briefly below.

To minimize the energy we proceed as follows. We fi
calculate the electron wave function with the gas density
equal to zero. Using the calculatedc we then find the gas
density from Eq.~21!. To do this we treat the gas as ide
which enables us to write14

f g5
rgkBT

M
@ ln~rg /rQ!21#. ~22!

In this resultrQ5M (MkBT/2p\2)3/2 andM is the mass of a
helium atom. Combining Eqs.~21! and ~22! gives the gas
density in the closed form

e
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rg~r !5rQ expH M

kBT
@ f 8~r1!2U0uc~r !u2#J . ~23!

The wave function is then recalculated from Eq.~18! using
the gas density just determined and the procedure repe
until convergence is achieved. The calculation is repeated
a range of values ofr 1 , and the energies of the ground an
the nucleation states are determined.

The results for the energy barrier as a function of te
perature and pressure are included in Fig. 4. As examp
the wave function and density profile calculated for two pr
sures at 4.21 K are shown in Fig. 5. An interesting feature
the results is that in the higher part of the temperature ra
nucleation occurs at a pressure which ispositive. At these
temperatures the critical nucleus has the electron confine
a central core and surrounded by a gas layer.

As already mentioned, in the calculation just perform
there is no term in the equation for the gas density that
volves¹2rg . If such a term were included it might still b
possible to solve the coupled equations forc andr by means
of an iteration method similar to the one just described.
have not attempted this. In fact, it is not clear to us that
density-functional scheme we are using is appropriate
this application. The parameterl is fixed by requiring that
the density functional give the correct value for the energy
the liquid-gas interface. This means thatl is chosen such
that

a~T!52 E
rgSVP

r lSVP
@l~T!f~r,r lSVP!#

1/2dr, ~24!

wherergSVP andr lSVP are the densities of gas and liquid
the liquid-gas coexistence pressure for temperatureT. If one
examines the integrand one finds that the main contribu
to the integral comes from the density range from;0.2 to
;0.8 of the full liquid density. Consequently, we have
reason to believe that the energetics of an inhomogene
low-densitygas are well described by the form of the dens
functional that we have used. It might, in fact, be more a
propriate to use an approach in which the quantum state
helium atoms moving in the potential energy resulting fro

FIG. 4. The nucleation barrier as a function of pressure
temperature. The results forT50 are calculated using the densit
functional scheme. The results for finiteT are based on the simpli
fied model in which the penetration of the electron wave funct
into the liquid helium is ignored, and the energy of the bubble is
given by Eq.~20!.
ted
or

-
s,
-
f

ge

in

d
-

e
e
r

f

n

us

-
of

the interaction with the electron are evaluated, and then
lium atoms are placed in these states according to a B
Einstein distribution. The effective potential for a gas ato
moving inside the bubble isU0c2M .

Neglect of the term in¹2rg is equivalent to the assump
tion that the density distribution in the gas is well appro
mated by classical statistical mechanics. This appears to
reasonable approximation in the present context since
effects of the gas are only important in the higher part of
temperature range. At 4.21 K, for example, the moment
of a helium atom of average thermal energy 3kBT/2 is
1.1310219 g cm s21. On the other hand, one can see fro
Fig. 5 that the characteristic distancez over which the den-
sity of the gas changes is larger for the nucleation state t
for the ground state, but is typically in the range 5–20 Å.
the uncertainty principle this density variation forces ato
in the gas to have momenta\/z of the order of
10220 g cm s21. Hence it is significantly less than the mo
mentum of the average thermal energy. Thus quantum
fects do not appear to be large.

E. Effect of quantized vortices

At sufficiently low temperatures electron bubbles atta
themselves to quantized vortices. Because of the liquid
culation around the vortex one expects that the energy ba
for nucleation will be reduced relative to the barrier for
electron bubble in bulk liquid at the same pressure. Qu
tized vortices exist only in the superfluid phase, and in t

d

n
s

FIG. 5. The electron wave functionc and the helium densityr
as a function of the distance from the center of the bubble for
ground and nucleation states atP50.635 andP50.488 bars. The
temperature is 4.21 K.
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57 3005ELECTRONS AND CAVITATION IN LIQUID HELIUM
temperature range the effect of gas on the nucleation pro
is very small. Hence, we take the energy of the elect
bubble to be given by

E5Eel1Aa1PV2E 1

2
r1v2dV, ~25!

whereEel is the electron energy,A is the surface area of th
bubble,V is its volume, andr1 is the density of the liquid
which is assumed to be a constant. The last term repres
the decrease in the kinetic energy of the liquid which ta
place when the axis of the bubble lies along the line of
vortex and the empty bubble displaces moving liquid.v is
the circulation velocity which equals\/Mr , with r the dis-
tance from the vortex. The vortex is assumed to be strai
It is necessary to modify the integrand of the kinetic ene
integral in order to avoid a divergence at the vortex co
Donnelly and Roberts15 have done this by modifying the
liquid density according to the relation

r~r !5r1

r 2

r 21x2 , ~26!

wherex is 1.46 Å.
When the electron bubble is attached to a vortex,

bubble will no longer be spherical and the exact calculat
of the energy barrier becomes very difficult. To obtain
approximate solution we have done the following. We n
glect the penetration of the electron wave function into
helium. We then assume that the shape of the bubble ca
taken to be a prolate spheroid with the semimajor axisa
along the vortex and the semiminor axisb. The surface area
is then

A52p $b21a2b sin21@~a22b2!1/2/a#/~a22b2!1/2%,
~27!

and the volume is 4pab2/3. Evaluation of the term in Eq
~25! representing the kinetic energy of the displaced liq
gives the result

2
pr1\2a

M2 Fz ln S z11

z21D21G , ~28!

wherez5(11x2/b2)1/2.
As a first approximation we consider a spherical bubb

The bubble becomes unstable at a pressure of21.90 bars,
compared to21.98 bars without a vortex, a 4% decrease.
the second approximation we consider a prolate sphe
with (12b/a)!1. To first order in the parameter (12b/a)
the energy of the electron is then

Eel5
h2

8ma2 F11
4

3 S 12
b

aD G . ~29!

We then consider the stability of the bubble, allowing botha
and b to vary. To within an accuracy of 0.01 bars we fin
that the instability occurs at the same pressure for a pro
spheroid as for a spherical bubble. We find that close to
instability pressurea is approximately 9% larger thanb.
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III. EXPERIMENT

The experimental setup was similar to that used in
earlier experiments.8 An ultrasonic transducer was used
generate focused sound waves. If a bubble nucleated du
the negative part of the pressure swing at the acoustic fo
this could be detected by the light that was scattered fro
laser beam focused onto the same spatial region.

The sample cell contained approximately 9 cm3 of liquid
helium, and had two sapphire windows on opposite sid
The cell could be pressurized to at least 30 bars. Heli
from a gas cylinder at room temperature was introduced
the low-temperature cylindrical experimental cell via a ca
illary. Measurements could be made over the tempera
range from about 0.65 to 5 K.

Hemispherical piezoelectric transducers supplied
Channel Inc.16 were used to generate sound. In most of t
experiments the transducer was driven in the radial thickn
mode of oscillation. In a first set of experiments a transdu
~transducer A! of outer radius 1 cm and resonance frequen
560 kHz was used. Measurements were also made wi
0.95 cm radius transducer~transducerB! of frequency 1.4
MHz. This higher frequency transducer had the advant
that a smaller voltage was required in order to produc
given negative pressure swing at the focus. The transd
was mounted with its concave side facing down, and w
supported by four short copper posts protruding from
inner wall of the cell and making contact with the lower ed
of the transducer. The transducer was driven by rf pul
produced by feeding the output of a frequency synthes
into a gated amplifier.

Electrons were introduced into the liquid by means o
10 mCi 204Tl b source. This source produces a continuo
spectrum with a maximum electron energy of 764 keV. T
electrons lose energy by excitation and ionization of
atomic electrons of helium while they travel at high velocit
and then form electron bubbles at the end of their range.
stopping range varies with energy and has a maximum va
of 2.5 cm. Theb source was located approximately 0.4 c
below the acoustic focus. The density distribution of t
electrons in the cell could be modified by the application
a dc bias voltageVdc to the inner concave surface of th
transducer. The outer surface of the transducer, theb source
and the cell wall were grounded.

A 10 mW He-Ne laser beam was passed through
acoustic focus and the light that was scattered was dete
by means of a photomultiplier tube~PMT!. The PMT was
placed at an angle of around 10 mrad from the direction
the laser beam and had a time resolution of;100 ns.

IV. RESULTS AND DISCUSSION

A typical experiment consisted of the application of
series of rf pulses to the transducer and the determinatio
the number of times that a bubble was produced as indic
by scattered light reaching the photomultiplier. These res
give the probabilityS of nucleation. Representative resul
for S as a function of the ac voltageVac applied to the trans-
ducer and the dc voltageVdc are shown in Fig. 6. The main
features of these results are readily understandable. W
Vdc is small each electron bubble that is formed remains
the cell a long time before drifting to the cell wall. Cons
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quently, the electron density is high. Therefore there is u
ally at least one electron very close to the acoustic focus,
close to the point in the liquid at which the pressure sw
has its maximum amplitude. If this is the case, the proba
ity of cavitation will rise very rapidly as soon asVac is suf-
ficient to make the pressure swing at the focus exceed
negative pressure that is required to ‘‘explode’’ an electr
i.e., to exceed the pressure at which the energy barrier g
to zero. This is the explanation of the onset ofVac531.5 V in
Fig. 6. At the onset it is necessary for there to be an elec
precisely at the acoustic focus in order to have cavitation
Vac is increased beyond this point electrons can explod
they are found within some volume near to the focus. T
size of this volumev varies with the ratio ofVac to the onset
valueVac,onset, and the cavitation probability can be writte
as

S512exp@2nv~Vac/Vac,onset!#, ~30!

wheren is the electron density. We perform an approxima
calculation of this volume below. Note that in Eq.~30! it is
assumed that the electrons move a negligible distance du
the application of the sound pulse. This appears to be a
sonable assumption based on the discussion below.17

When a large dc voltage is applied the electron densitn
in the helium is reduced. As a result, even forVac as large as
twice Vac,onset, the cavitation probability remains signifi
cantly less than unity. One can then observe a second thr
old, at aroundVac548 V in Fig. 6, at which homogeneou
nucleation begins to occur with appreciable probabili
Above this second threshold the cavitation probability
very close to unity.

Although it is not evident in Fig. 4, there is a small b
measurable probability of cavitation even when the tra
ducer driving voltage is significantly below the first ons
Vac,onset. It appears that these ‘‘rare events’’ are caused
high-energy electrons which pass through the acoustic fo
and deposit energy there at the same time that the so
oscillation is present.

A. Variation of onset voltage with temperature and pressure

We first discuss the threshold for cavitation on electr
bubbles. From results such as are shown in Fig. 6, i

FIG. 6. Cavitation probabilityS at T52.75 K and saturated va
por pressure as a function of ac voltageVac applied to the trans-
ducer for four different dc voltagesVdc as indicated. The solid
curves are fits to the data based on Eq.~30!.
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straightforward to estimate the transducer voltage at wh
nucleation on electron bubbles first occurs. The next ste
to convert these measured voltages into pressures. We
attempted to achieve this conversion by a measuremen
the electrical impedance of the transducer as a function
frequency in the vicinity of the acoustic resonance. In pr
ciple, this type of measurement can provide the required
formation about the electromechanical conversion efficie
of the transducer, thereby enabling the surface displacem
of the transducer to be calculated. In practice, however,
calculation cannot be performed reliably. There are sev
secondary resonances near to the main resonance o
transducer, and these make it impossible to determine
electromechanical coupling coefficients.

Consequently, we have used a different method. We
sume that the pressure swing that is produced is line
proportional to the applied voltage. Then the most nega
pressurePmin which is produced at the focus must be e
pressible as

Pmin52aVac1Pstat, ~31!

wherea is a coefficient which is independent of the drivin
voltage but which may depend on temperature, andPstat is
the static pressure in the liquid. Hence, a measurement o
voltage required to produce cavitation as a function ofPstat
can fix a value for the coefficienta. Results ofVac,onsetas a
function ofPstat for several temperatures are shown in Fig.
Let us suppose, as appears reasonable, that the displace
of the transducer surface per unit applied voltage is indep
dent of the temperature. Since the frequency is also indep
dent of temperature, the surface velocity will also not va
with T. The pressure swing at the transducer surface is
product of the transducer velocity with the acoustic impe
ance of the liquid. Hence this varies withT asrc, wherec is
the sound velocity. The pressure swing at the focus is lar
than the pressure swing at the transducer surface by a fa
proportional tokR, wherek is the sound wave number in th
liquid andRin is the inner radius of the transducer. Sincek is
inversely proportional toc, it follows that the pressure swing
at the focus should have the same temperature dependen

FIG. 7. Onset voltage for nucleation on electrons as a func
of the static pressure applied to the liquid. The solid lines are le
squares fits to the data based on the assumption of a linear rel
between the pressure swing and the voltage applied to the tr
ducer as described in the text.
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57 3007ELECTRONS AND CAVITATION IN LIQUID HELIUM
the density. Thus we have fit the data in Fig. 7 to Eq.~31!
with the coefficienta equal tobr(T), whereb is a constant
independent of temperature.

With this calibration we can then convert the transdu
voltage into a pressure swing. In this way we have obtai
the results for the explosion pressure as a function of t
perature, which are shown in Fig. 8. This is a summary of
data that we have obtained using both transducers and w
ing with different applied rf pulse lengths. Included are t
theoretical results for the pressures at which the nuclea
barrier for electrons goes to zero. The agreement betw
theory and experiment is excellent.

B. Variation of the electron density with temperature
and electric field

To further analyze the measurements of the cavita
probability as a function of voltage we have calculated
volume v introduced above. We make the simplifying a
proximation that the transducer is vibrating in a pure rad
mode so that the velocity of the inner surface is always n
mal to the surface and has the same amplitudeu0 at every
point. The velocity potential at a pointrW close to the acoustic
focus can then be approximated by the expression18

c~rW !5u0E
surface

eiks

2ps
dA, ~32!

wherek is the wave number for the sound (5v/c), dA is an
element of the inner area of the transducer surface, ands is
the distance fromdA to the point rW. The pressure is then
given by

P~rW !5r
]c

]t
. ~33!

Based on these equations we can calculate the pres
around the acoustic focus, determine the volume over wh
the pressure swing exceeds any chosen value, and then
the volumev(Vac/Vac,onset). This volume for transducerA is
shown in Fig. 9. Once this volume is known one can mak
fit of Eq. ~30! to the data of the type shown in Fig. 6, usin

FIG. 8. Comparison of experimental results~solid triangles! for
the pressure at which an electron explodes on thePT plane with
theory. The dashed line shows the predictions of the simple the
@Eq. ~3!#, and the solid line is the result obtained when the allo
ance is made for the finite gas density~see Sec. II D for details!.
The dotted curve indicates the liquid-vapor coexistence curve.
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the electron density as an adjustable parameter. The s
lines in Fig. 6 are fits of this type.

In this section we restrict our discussion to the results t
are obtained for the electron density at temperatures abo
K. The main features can be summarized as follows. For z
applied dc voltage the electron number density decrease
the temperature goes down, and this decrease becomes
rapid in the lower part of the temperature range. The ap
cation of a sufficiently large dc voltage of either sign reduc
n. The electron density has its peak value at a positive v
age. As an example, Fig. 10 shows the peak in the densit
measured at 2.5 K.

The density of electrons will be determined by a balan
between the rate at which electrons are injected by the so
and the rate at which they leave the liquid as a result of d
under the influence of electric fields and diffusion. Becau
of the complex geometry of the transducer region of the c
it is not possible to make a quantitative calculation of t
electron density and its dependence on temperature and
plied voltage. The electrons injected by the source hav
distribution of energies and hence will have a broad dis
bution of ranges in the liquid. The mean range in helium
electrons from our source is 0.4 cm. This is comparable
the inner radius of the transducer~0.6 and 0.79 cm for trans
ducersA and B, respectively!, and to the distance of the
source from the acoustic focus~0.4 cm!. As a rough model

ry
-

FIG. 9. The volumev in the vicinity of the acoustic focus ove
which the pressure swing exceeds the voltage required to exp
an electron as a function of the applied voltageVac divided by the
onset voltageVac,onset.

FIG. 10. Measured electron density as a function of the app
dc voltageVdc at T52.50 K and saturated vapor pressure.
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3008 57J. CLASSEN, C.-K. SU, M. MOHAZZAB, AND H. J. MARIS
we consider the electron density which would result from
injection of electrons at a constant rate per unit volume
time into a hollow sphere of radiusR with walls held at
ground potential. We first consider the motion of the ele
trons arising from the space charge field. The result is
the number densityn in the steady state is independent
location within the volume and has the value

n5
3

4p
A Ṅ

meR3, ~34!

wherem is the mobility of the electron bubbles, andṄ is the
total injection rate by the source (33105 s21). The variation
of n with temperature is then determined by the tempera
dependence of the mobilitym. We have tested this result b
making a plot ofn againstm21/2 using data obtained over th
temperature range 1.02 to 4.23 K~Fig. 11!. The solid line in
Fig. 11 is a linear least-squares fit to the data usingR equal
to 1.0 cm, and this value appears to be reasonable. Howe
as can be seen from Fig. 11 the data cannot be fit well b
straight line. It seems likely that this disagreement com
about because the source actually injects a highly inhomo
neous distribution of electrons into the liquid, rather than
uniform distribution assumed in the model. We have not
tempted to demonstrate by calculation that this is the ex
nation.

One can also consider the number density that would
sult if the space charge field were unimportant and the e
trons moved diffusively. The diffusion coefficientD is re-
lated to the mobility by the Einstein relationD5mkBT/e,
and the density in the liquid is then

n5
Ṅe

8pmkBT

R22r 2

R3 . ~35!

This gives a much larger density atr 50 than is obtained
from Eq.~34!. This indicates that under the conditions of t
experiment diffusion is unimportant compared to drift und
the influence of the space charge field.

A peak in the electron density as a function of appli
voltageVdc ~see Fig. 10! is to be expected simply becaus
the electron density must decrease towards zero as the
nitude of the applied voltage increases regardless of the s
The fact that the peak is at apositivevoltage suggests tha

FIG. 11. Plot of electron density versusm21/2, wherem is the
mobility. These results are taken at saturated vapor pressure
zero dc voltage applied.
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there are more electron bubbles injected in the region be
the acoustic focus~i.e., on the source side of the acous
focus! than above~i.e., adjacent to the transducer!. This is as
expected based on the energy spectrum of the electrons
the source and the known variation of the range in liqu
helium with electron energy.

C. Effects due to vortices at low temperatures

As the temperature is lowered the electron density
zero applied voltage decreases rapidly due to the increas
electron mobility@see Eq.~34!#. The voltage at which the
peak occurs also decreases, and at 1.13 K the peak
Vdc53 V. At temperature around 0.9 K the electron dens
for Vdc has become so small that it is hard to detect cav
tion events and the peak has become very small. Howeve
even lower temperature a qualitatively different behavior
seen. There is no peak and the electron density nowin-
creaseswith increasing applied voltage of either sign. F
example, results of the electron density as a function of
plied dc voltage at 0.68 K are shown in Fig. 12. We belie
that this behavior is the result of the generation of quanti
vortices by the electrons. At 0.68 K the mobility
;60 cm2 V21 s21, and thus for an applied voltage of th
order of 100 V it is reasonable to expect that some electr
will reach the critical velocity (33103 cm s21) that is re-
quired for the production of vortices. Electrons trapped
vortex rings move very slowly, with a velocity that decreas
with increasing energy, and hence a high electron den
should result. Above 1 K the mobility is reduced and elec
trons do not produce vortices for the highest applied dc v
ages which liquid helium can sustain without sparkling.

This interpretation is supported by a measurement of
threshold voltage for nucleation. We find that this voltage
approximately 12%lessat 0.68 K than it is at 1.02 K. This
change is thus in the opposite direction from the;2%
change that would be expected to arise from the variation
the surface tension with temperature. The theory given
Sec. II predicts a 4% decrease in the instability press
when an electron bubble is attached to a vortex; the meas
ments indicate that this reduction is 14% and thus imply t
a more detailed and quantitative theory, possibly based o
density-functional method, is needed.

ith
FIG. 12. Measured electron density as a function of the app

dc voltageVdc at T50.68 K and saturated vapor pressure.
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57 3009ELECTRONS AND CAVITATION IN LIQUID HELIUM
D. ‘‘Rare events’’

We now discuss the small number of events which can
detected for applied voltages below the threshold volta
When measurements are made with the ultrasonic transd
operating in the thickness mode at 560 kHz or 1.4 MHz,
probability associated with these events is typically a f
percent, or less. These events cannot be explained by nu
ation on electron bubbles. The events extend to voltage
low as one half the threshold voltage, at which point t
energy barrier for nucleation from an electron bubble is e
tremely large. Figure 13 shows data taken with transduceA
at 560 kHz.

An explanation of the origin of these events must ta
account of the following observations:

~1! The probability is unaffected by the application of d
electric fields.

~2! We attached a small plate to a compass needle
placed it so that it could swing in the region between t
source and the acoustic focus. The needle could be move
application of a magnetic field so that the plate blocked
line of sight between the focus and all points on the surfa
of the source. When the plate was moved so that it w
between the source and the focus the rate of the rare ev
was decreased by a large factor~see Fig. 13!.

~3! The probability of cavitationS increased with the
amount of time over which the sound pulse was applied. T
contrasts with results for the nucleation processes stud
above the threshold. These do not depend on the duratio
the sound pulse@see Eq.~30!#.

These results suggest that the rare events may be ca
by electrons from the source which move through the aco
tic focus at high speed before they have lost their kine

FIG. 13. Cavitation probabilityS as a function of transduce
driving voltageVac at T53 K and saturated vapor pressure showi
the ‘‘rare events.’’ Electron bubbles explode when the voltage
ceeds 80 V and give rise to the sharp rise in the probability beg
ning at this voltage. The solid circles are data taken when the c
pass needle is rotated to block the line-of-sight between
radioactive source and the acoustic focus.
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energy and become trapped as bubbles. If one of these e
trons deposit sufficient energy at a point within the foc
region while the sound wave is present, nucleation can oc
Thus, this is the same type of nucleation as occurs in
bubble chamber.

This interpretation is consistent with the observatio
listed above. The kinetic energy of the electrons com
from the source is typically several hundred keV and so
path of these electrons is unaffected by the application
small static electric fields. The thickness of the plate attac
to the compass needle was sufficient to absorb nearly all
electrons coming from the source and so should substant
reduce the number of electrons passing through the fo
The probability of cavitation should be proportional to th
rate at which energetic electrons pass through the focus
to the time that the sound wave is present.

These events are difficult to study because the cavita
probability is so low. We have made measurements, and
tected nucleation events, down to transducer drive volta
as low as about half the voltage that is required to explo
electron bubbles. Below this voltage the probability is ve
small, less than;1023, and consequently is very hard t
measure. One way to increase the probability is to us
lower sound frequency so that the size of the acoustic fo
is increased. This then makes it more probable that an e
tron will pass through the active region during the time of t
sound pulse. When the sound is generated by means
transducer operated in the thickness mode it is not pract
to significantly lower the frequency. Consequently, we i
stead used the 137 kHz flexural mode of transducerB. This
gives a much larger focal region and the number of ‘‘ra
events’’ is indeed found to be greatly increased. The d
obtained in this way indicate that there is a threshold volta
below which no events occur.

Nucleation in helium bubble chambers has been discus
in detail in a number of review articles.19–21Along the track
a large number of ionization processes occur resulting in
production of d rays, i.e., recoiling secondary electron
Thesed rays have a continuous spectrum of energies up t
cutoff. The consensus appears to be that the bubbles tha
seen in bubble chambers come fromd rays whose energy lies
in the upper part of the energy spectrum. However, no qu
titative theory of the probability that ad of given energy will
nucleate a bubble is available, and consequently we have
attempted to make a detailed analysis of the variation of
probability of the rare events with transducer driving voltag
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